Abstract. This paper presents selected results on the study of the onedimensional property of holomorphic continuations of functions defined on the boundary of a bounded domain in C n .
By Sard's theorem, for almost all z ∈ C n and nearly all b ∈ CP n−1 , the intersection l ∩ ∂D is a set of a finite number of piecewise-smooth curves (except for the degenerate case when ∂D ∩ l = ∅).
Definition. A function f ∈ C(∂D) has a one-dimensional holomorphic continuation property along the complex line l (l ∩ ∂D = ∅) if there exist a function f l with the following properties: a) f l ∈ C(D ∩ l), b) f l = f on the ∂D ∩ l set, c) function f l is holomorphic at interior (with respect to the to the topology of l) points of the set D ∩ l.
Theorem 1 ([12]). If a function f ∈ C(∂D) has a one-dimensional holomorphic continuation property along complex lines of the form ( 1), then f holomorphically extends to D.
A narrower family of complex lines that is sufficient for holomorphic continuation was treated by M.L. Agranovsky and A.M. Semenov [1] .
Let us consider an open set V ⊂ D and a family L V of complex lines meeting this set.
Theorem 2 ([1]). If a function f ∈ C(∂D) has a one-dimensional holomorphic continuation property along the lines from family L V for some open set V ⊂ D, then f holomorphically extends to D.
In [10] , a family of complex lines which passing through a generic manifold laying outside the domain D was considered. Recall that a smooth (a class C ∞ ) manifold Γ is called generic if for each point z ∈ Γ the complex linear hull of tangent space T z (Γ) coincides with C n . Let us denote by L Γ the family of all complex lines intersecting Γ.
Theorem 3 ([10]). Let Γ be a germ of a generic manifold in C n \ D and suppose that a function f ∈ C(∂D) has a one-dimensional holomorphic continuation property along all complex lines from L Γ . Then there exists a function F ∈ C(D) that is holomorphic in D and coincides with the function f on the boundary ∂D.
In [11] , a family of complex lines passing through a germ Γ of a complex manifold of (n − 1) dimension in C n was treated laying outside the domain D. Applying the shift and unitary transformation, we can say that 0 ∈ Γ , 0 / ∈ D and it is conceivable that in some neighbourhood U of a point 0 the complex hypersurface Γ will look like
where ϕ is the holomorphic function in the neighbourhood of zero in C n−1 and
We will further assume that there exists a direction b 0 = 0 such that
Let us denote L Γ to be a set of complex lines of the form (1) passing through a point z ∈ Γ in the direction of vector b ∈ CP n−1 . Let γ ⊂ Γ , 0 ∈ γ and let γ be a generic manifold of class C ∞ in Γ , i.e., for each point z ∈ Γ the complex linear hull of the tangent space T z (γ) coincides with the tangent space T z (Γ ). Note that the real dimension of γ is not less than (n − 1). We denote the set of intersections γ with complex lines by L γ . Let l 0 be a complex line passing through a point 0 and intersecting a domain D. In l 0 we will be interested in the germ of the real C ∞ -curve τ containing a point a zero. Then τ will be a generic manifold in l 0 . 
and a complex manifold Γ = {(z, w) ∈ C 2 : w = 0}. It coincides with its own complex tangent plane at each point and intersects B.
Let us consider complex lines intersecting Γ :
These lines pass through a point (a, 0) ∈ Γ . Under |a| < 1 the point (a, 0) ∈ B, under |a| > 1 the point (a, 0) / ∈ B. Without loss of generality, we may consider
This set l a ∩ ∂B is not empty if |a| 2 |c| 2 < 1. Thus on l a ∩ ∂B the condition
We now consider a function
This function is a smooth function of class C k on ∂B, since the ration On a set l a ∩ ∂B, the function f a is equal to
Thus the restriction of the function f a holomorphically extends to the set l a ∩ B for all complex lines l a passing through the point (a, 0) and intersecting B.
Taking an arbitrary finite set of points (a m , 0) with |a m | > 1, m = 1, . . . , N, and the function
we find that f has a one-dimensional holomorphic continuation property along all complex lines l a m intersecting B. The function f though does not holomorphically extend into the ball B from the boundary ∂B since it is obvious that f is not a CR-function on ∂B.
Example 2. Consider a part of a complex manifold in a ball
As shown by J. Globevnik, the function
has a onedimensional holomorphic continuation property from ∂B along complex lines from family L Γ 1 , it is smooth on ∂B but does not extend holomorphically in B.
Indeed, since the equality (5) is satisfied for complex lines of the form (1) on ∂B, the function f 1 given on ∂B is equal to
The denominator of the given fraction turns zero at a point t 0 = 1−|a| 2 ab . Substituting this point in expression (4), we obtain
Therefore the point of the line l a corresponding to t 0 lies outside the ball B. So the function f 1 holomorphically extends in l a ∩B. However f 1 does not holomorphically extend in the ball B from the boundary ∂B since that f is not a CR-function on ∂B.
In this paper, a case when the germ of generic manifold lies in a domain D will be discussed but it will require imposing additional conditions on the domain D. For this purpose we will start with proving a number of lemmas.
Let us consider the Bochner-Martinelli integral for a function f ∈ C(∂D):
where U (ζ, z) is the Bochner-Martinelli kernel , i.e.,
We take 0 ∈ D and suppose that the generic manifold Γ lies in a neighbourhood of zero W ⊂ D, and also 0 ∈ Γ.
Using the local biholomorphic transform, the generic manifold Γ can be represented in the form (see, for example, [4] ): (z 1 , . . . , z k , u 1 , . . . , u m ) , 
then it is equal to zero in W .
Proof. We show that all coefficients of decomposition of the function F in a Taylor series in a neighbourhood of zero are equal to zero.
Let us denote full partial derivatives along the manifold Γ by variables
So all first derivatives of functions F at the point 0 are equal to zero.
Let us show that all second derivatives are also equal to zero at the point 0. We have
Similarly, all second derivatives of the function F by variables y j , u s are equal to zero at the point 0.
Let us consider 
Similarly,
Applying induction, we can show that all derivatives of functions F are equal to zero at the point 0. Then the Taylor's series at the point 0 of functions is equal to zero and hence the function itself is equal to zero in W .
It is clear that Lemma 1 is true for old variables z (before manifold Γ was reduced to the form (7)).
Let us define functions
They are real-analytic in the domain D. Proof. Apply Lemma 1 to functions
Then we obtain that the given functions are equal to 0 in W , i.e., functions F j are holomorphic in W , and consequently in D as well.
Next we consider a domain with the Nevanlinna property (see [5] ). Let G ⊂ C be a simply-connected domain and suppose that t = k(τ ) is a conformal mapping of a unit circle Δ = {τ : |τ | < 1} on G.
The domain G is a domain with Nevanlinna property if there are two bounded holomorphic functions u and v in G such that almost everywhere on S = ∂Δ the following equality holdsk This essentially means thatt
Let us now give a characterization of a domain with the Nevanlinna property (Proposition 3.1 in [5] ). The domain G is a domain with the Nevanlinna property if and only if k(τ ) has a holomorphic pseudo-continuation through S in C \ Δ, i.e., there exist bounded holomorphic functions u 1 and v 1 in C\Δ such that the functioñ k(τ ) = u 1 (τ ) v 1 (τ ) coincides almost everywhere on S with the function k(τ ).
The given definition and statement will be applied to a bounded domain G with the boundary of class C 2 . Therefore (by the principle of correspondence of boundaries) the function k(τ ) extends on Δ as a function of class C 1 (Δ). The same applies to functionk.
Various examples of a domain with the Nevanlinna property can be found in [5] . Thus, for example, if ∂G is real analytic, then k(τ ) is a rational function that does not have poles on closing Δ.
In our further argument we will need the domain G to have a strengthened Nevanlinna property, i.e., we need the function to be u 1 (τ ) = 0 in C \ Δ and k(∞) = 0.
Such domains, for example, will include domains for which k(τ ) is a rational function having no poles on Δ and no zeros in C \ Δ.
Lemma 3. If a domain G has strengthened Nevanlinna property, then the function 1 t holomorphically extends from ∂G into domain G.
Proof. Consider the function 1 t on ∂G and τ ∈ S
is holomorphic in a circle Δ since the denominator
Therefore the function h(τ ) yields a holomorphic continuation of the function
in a circle Δ, and hence the function 
where
is the differential form of type (n − 1, n − 1) in CP n−1 independent of t. 
Let us calculate this form in terms of variables b and t, i.e., ζ j − z j = b j t, j = 1, . . . , n. We use for calculation that dt ∧ dt = 0 on ∂D ∩ l and that b ∈ CP n−1 . We take
We thus obtain that
It remains only to show that ∂D∩l f (z + bt) dt t α = 0, but this follows from Lemma 3. Let us consider the examples of a domain for which Theorem 7 is true.
Example 3. Let D = B be a ball of radius R with the center at zero , i.e., D = {ζ : |ζ| < R}. Then the section of this domain of the complex line
On the boundary of this circle, the following equality is
It is easy to check that the denominator of this function does not vanish in 0 in G, therefore the function 1 t satisfies Lemma 3 for all points z ∈ B and for all complex lines l. Let us discuss what domains (except ball) on a complex plane possess such a property.
Example 6. Consider on a complex plane C an open set (10) {t ∈ C : R|t| k+1 < |P (t)|}, 0 < R < ∞},
where P (t) is a polynomial of degree k and P (0) = 0. It is obvious that this set is bounded and contains a neighbourhood of zero. We denote its connected component containing 0 by G. Following Sard's theorem, for almost all R, 0 < R < ∞, the boundary of G consists of a finite number of smooth curves.
For small enough R the domain G consists of domains which are neighborhoods of zero of a polynom P . For big enough R the domain G is a simply connected neighbourhood of zero.
Let us consider the boundary of G:
Let us denote w = 1 t . Then on S we have an equality:
Furthermore, from this equation we obtain that in G
Let us consider a function ζ = ϕ(w) = wP s (w), then ϕ (0) = P s (0) = 0 since the polynomial P has degree k. Therefore the function ϕ conformally maps a neighbourhood U w of 0 on the neighbourhood V ζ of 0. Therefore there exists an inverse function w = ϕ −1 (ζ) : V ζ → U w . From equality (11), we have that
Applying inequality (12) ,
yields that for small enough R the point
P (t) lies in U w and the denominator P (t) = 0 in G. Therefore the function w = ϕ
is holomorphic in G. 
where P 1 (t) = P (t + a). Then on S a = ∂G a we have an equality
The function ζ = ψ(w) = wP s 1 (w) (1+āw) k+1 conformally maps a neighbourhood U w of 0 on a neighbourhood V ζ of 0, therefore as above the function
holomorphically extends in G a for small enough R. 
It is not difficult to show that from the equation of the boundary of an ellipse, we get an equality
.
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